The exchange-interaction contribution to the total energy of a many-particle system comprised of spin-1/2 electrons confined in a cylindrical quantum wire and subject to a Rashba-type spin splitting is calculated. We find that the exchange energy per particle can be expressed in terms of a universal scaling form. In contrast to the case of spin-1/2 electrons confined to a quantum well, where Rashba spin-orbit coupling is known to slightly enhance the exchange energy, exchange effects in nanowires are found to be suppressed due to Rashba spin splitting. Our results shed new light on the interplay of spin-orbit coupling and Coulomb interaction in quantum-confined systems that are expected to host exotic quasiparticle excitations.
I. INTRODUCTION
The dimensionality of a many-particle system is a crucial determinator for how importantly interaction effects can shape its physical properties. Generally, threedimensional (3D) bulk conductors are less drastically affected by the Coulomb interaction between charge carriers than lower-dimensional, quantum-confined structures such as quasi-2D quantum wells and quasi-1D quantum (nano-)wires.
1 This is essentially due to phase-space restrictions arising from free motion being only possible in fewer than three spatial directions. Furthermore, the exact structure of transverse bound-state wave functions shapes the density distribution of the confined charge carriers and, thus, turns out to critically influence Coulombic effects in quantum wells 2 and wires. 3 Here we explore how another aspect of quantum-confined states, namely their intrinsic spinor structure, modifies the effect of the Coulomb interaction in nanostructured systems.
Most low-dimensional conductors are fabricated from semiconductor materials where the coupling between the spin degree of charge carriers and their orbital motion is often quite strong. 4 As a result, quantum confinement can significantly affect spin-related properties and vice versa. 5 Such effects are particularly pronounced for valence-band states (i.e., holes) because of their peculiar spin-3/2 character. 5, 6 In contrast, conduction-band electrons are spin-1/2 particles and generally subject to weaker spin-orbit couplings that are due to the bulk inversion asymmetry in the material's crystallographic unit cell (Dresselhaus 7 spin splitting) or the structural inversion asymmetry present in a nanostructured systems (Rashba 8, 9 spin splitting). The multitude, and often counter-intuitive nature, of spin-orbit effects in nanostructures has become the focus of recent study, with developing an understanding of the interplay with Coulomb interactions being a key question to be addressed. Bulkhole systems, 10-13 quantum-well-confined holes, [14] [15] [16] [17] and 2D electron systems subject to Rashba spin splitting [18] [19] [20] [21] [22] have been considered. The comparatively few studies of Coulomb-interaction effects in spin-orbit-coupled quasi-1D systems [23] [24] [25] [26] have almost exclusively focused on effective Luttinger-liquid descriptions 27 and, in particular, did not investigate the effect of Rashba spin splitting on the exchange energy in quantum wires. Exploring this issue in quasi-1D systems in greater detail turns out to be of interest for two reasons. Firstly, previous results revealed that spin-orbit coupling has the opposite effect on interactions in n-type and p-type quantum wells: the exchange energy of a quasi-2D conduction-band electron system is slightly enhanced 19, 21 due to spin-orbit coupling, whereas the latter significantly suppresses the exchange energy for quasi-2D holes. 17 This difference warrants more systematic investigation and, as we will see below, considering the quasi-1D case sheds new light on the different ramifications of spin-orbit coupling in interacting electron systems. Secondly, quantum wires with strong spin-orbit coupling are currently attracting great interest as possible hosts of exotic quasiparticle excitations such as Majorana 28 and fractional 29 fermions. Understanding more about interaction effects in such system is a clear necessity to enable experimental observation of the unusual quasi-particle excitations.
The remainder of this article is organised as follows. We introduce our theoretical model of a Rashba-spinsplit quantum wire in Sec. II and discuss pertinent properties of the single-particle eigenstates. The formalism for calculating the exchange energy for this system is presented in Sec. III, together with the results. Amongst these is the ability to express functional dependencies of the exchange energy per particle in terms of a universal scaling function. Our findings are summarized, and related to the existing body of knowledge, in Sec. IV. Certain mathematical details are given in Appendices.
II. THEORETICAL DESCRIPTION OF RASHBA-SPLIT NANOWIRE STATES
As our model system, we consider a cylindrical quantum wire with radius R that is defined by a hard-wall potential and is also subject to a radial electric field E = Er, with constant E. In a real sample, the latter could be generated, e.g., via biasing of an external gate that is wrapped around the wire surface. 30 For this situation of interest, the electron dynamics in the wire is described by the Hamiltonian H = H (0) + U (r), where
and H (0) is a Rashba-type 8,9 single-electron Hamiltonian
Here m * is the band mass of electrons in the semiconductor material making up the nanowire, α is the material-dependent Rashba spin-orbit-coupling constant, and σ = (σ x , σ y , σ z )
T denotes the vector of Pauli matrices. We will find the confined-electron states in the nanowire by superimposing solutions of the singleparticle Schrödinger equation H (0) ψ = E ψ to satisfy the cylindrical hard-wall boundary condition.
The Hamiltonian (2) can be conveniently expressed in cylindrical coordinates (r, ϕ, z) as
where σ ± = (σ x ± i σ y )/2 are the spin-1/2 ladder operators. The explicit form of (3) motivates a separation Ansatz for the eigenstates of H (0) :
where φ ν,k (r) is the radial spinor wave function, ν = ±1/2, ±3/2, . . . is an odd half-integer number, k denotes the wave number associated with the free electron motion in the quantum wire, and L is the wire length.
The resulting radial Schrödinger equation that determines φ ν,k (r) can be written in dimensionless form as
, with
and the definitionsm = ν 1 
We employ the subband k · p method 31, 32 to find the cylindrical-nanowire eigenstates and subband-energy dispersions E nk . Simultaneous invariance under time reversal (σ y H * −ν,−κ σ y = H ν,κ ) and spatial inversion (e −i π 2 σz H ν,−κ e i π 2 σz = H ν,κ ) imply that each subband is (at least) doubly degenerate. 33 The first step is to find the eigenstates that are associated with the subband-edge energies E n0 . These states are then used as a basis set for expressing the eigenstates at general k = 0; with expansion coefficients determined from solving a matrix equation that is equivalent to the Schrödinger equation.
The Hamiltonian of Eq. (5) is diagonal when κ = 0,
hence the subband-edge states are also spin-projection eigenstates of σ z with eigenvalue σ = ±1. We can therefore write
with the subband-edge basis-state definitions
and the functions F (ε
(̺) being solutions of the radialconfinement problem defined by the Hamiltonian H σν + U (̺R)/E 0 with corresponding dimensionless eigenenergies ε (n ′ )
ν,σ . We number the subband-edge states for fixed ν and σ in ascending order of energy, that is ε
The full subband dispersions can be found from solving the eigenvalue problem
with matrix elements
For the purpose of this study, we only need to obtain the dispersion of the lowest nanowire subband. We find that, for realistic values ofα (see for instance the examples below), truncation of the eigenvalue problem (8a) to the subspace spanned by the states {| 1/2, ↑, 1 , | 1/2, ↓, 1 } and its time-reversed counterpart yields sufficiently accurate results. Hence, in the following, we will use the wave functions
to describe lowest-subband states with the dispersion
1/2,+ + ε
1/2,+ − ε
The coefficients entering Eqs. (9) are
1/2,+ − ε Figure 1 illustrates the band structure of nanowires using parameters relevant to recent experimental realisations in Ref. 34 (InGaAs material with conduction-band effective mass m * = 0.037 m 0 , where m 0 is the electron mass in vacuum, R = 300 nm, and α E = 10 −11 eV m), and Ref. 35 (InSb, m * = 0.013 m 0 , R = 50 nm, α E = 10 −10 eV m). Within our model, the relevant quantity determining the effect of spin-orbit coupling isα, which is equal to 1.82 and 1.06 for the InGaAs and InSb nanowires, respectively. For comparison, we show also the result forα = 0. As the lowest subband-edge states have quantum numbers {ν = 1/2, ↑} and {ν = −1/2, ↓}, respectively, their energy is independent ofα, and the spin-orbit coupling only affects the dispersion at finite k. In panel (c) of Fig. 1 , we show the magnitude of the expectation value of the spin projection along the wire axis for the lowest subband as a function of the wave number k. It decreases with increasing k, as the states given in Eqs. (9) together with (11) become superposition of ↑ and ↓ states for finite k. Table I summarizes properties of the three lowest doubly degenerate subband edges in the two material systems.
III. EFFECT OF RASHBA SPIN SPLITTING ON THE COULOMB-EXCHANGE ENERGY
We consider the exchange energy per particle for the nanowire-electron system given by
where ρ = N/L is the quasi-onedimensional electron density, n F (E) denotes the Fermi-Dirac distribution function, and V (nn ′ ) kk ′ is the matrix element of Coulomb interaction between nanowire-electron states given by
Here C ≡ e 2 /(4πε 0 ε r ) is the Coulomb-interaction strength, r ⊥ ≡ (r, ϕ) denotes the position vector in the coordinates perpendicular to the wire axis, and ξ nk (r ⊥ ) ≡ e iνϕ e −i σz 2 ϕ φ ν,k (r) is the transverse spinor part of the wavefunction in Eq. (4) for subband n. In the following, we consider the zero-temperature limit and thus replace n F (E) ≡ Θ(E F − E), with Θ(E) being the Heaviside step function and E F denoting the Fermi energy. The condition E nk ≡ E F defines the Fermi wave vectors k Fn for occupied nanowire subbands.
We now focus on the low-density situation where only states in the lowest doubly degenerate subband are occupied up to the Fermi wave vector k F = k F1 ≡ k F2 . For this situation, we can write
where Λ intra (Λ inter ) subsumes contributions arising from the exchange interaction between particles from the same band (from different bands), given by terms with n = n ′ ∈ {1, 2} (n = n ′ ∈ {1, 2}) in Eq. (12a). In the limit L → ∞, we obtain the explicit expressions
where K 0 is the modified Bessel function of the second kind.
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For the numerical evaluation of the intra-band contribution (13b), we employ a modified quadrature method, 37 described in greater detail in Appendix B, to deal with the logarithmic singularity encountered when the argument of K 0 (·) approaches zero. Figure 2 illustrates the functional dependences and relative magnitudes of Λ intra and Λ inter . As can be seen, the intra-band contribution is generally dominant and weakly dependent onα values considered here. In contrast, the inter-band contribution changes quite significantly as a function of α.
For quantum wires without spin splitting, i.e., in the caseα = 0, the exchange energy per particle was found to obey a universal scaling form. for E X /N given in Eq. (13a) generalizes these previous results to the case where spin-orbit coupling is finite. The change in magnitude of the exchange energy arising from finiteα can be quantified through the relative difference
which is visualized in Fig. 3 . For the values ofα that correspond to recent experimental realizations using InGaAs 34 and InSb, 35 the associated change amounts to a suppression of the exchange-energy magnitude which can be up to 1.6%. This behavior is markedly different from the case of a 2D electron system where Rashba spin splitting has been shown 20 to result in an increase of the exchange energy that is roughly one order of magnitude smaller. Thus the Rashba-spin-split nanowire system is more similar to a 2D hole system where the interplay between quantum confinement and spin-orbit effects also results in a suppression of the exchange energy.
17

IV. CONCLUSIONS
We have studied theoretically the electronic properties of the quasi-1D electron system realized in a cylindrical quantum wire subject to a radially symmetric Rashbatype spin splitting. We determined the single-particle states for a hard-wall confinement using subband k · p theory. Focusing on the situation where only the lowest quasi-1D subband is occupied, we observed that the corresponding energy dispersion can be very accurately (to within 0.5% error) calculated from an effective 2×2 Hamiltonian. Taking the material parameters of two experimentally studied nanowire systems (one based on InGaAs and the other on InSb) as input, we have determined the influence of the Rashba spin-orbit parameter on the lowest quasi-1D subband's energy dispersion and on the spin projection of its corresponding eigenstates parallel to the wire axis, finding both quantities to be affected by an up-to 10-15% change due to the presence of spin splitting.
With single-particle states in hand, we calculated the Coulomb-exchange energy for the Rashba-spin-split quasi-1D electron system. We find that the exchange energy is reduced by up to 1.6%. This suppression arises from the nontrivial mixing of spin-up and spin-down components in nanowire bound states due to the presence of spin-orbit coupling, as well as the changes induced in these states' transverse density profile. Comparing the effect of spin-orbit coupling on exchange effects in quasi-1D systems with other systems, e.g., in higher dimensions, we note the qualitative difference to a 2D electron gas where the presence of Rashba spin-orbit coupling gives rise to a very slightly enhanced magnitude of the exchange energy. 20 In contrast, the confinementinduced mixing of heavy-hole and light-hole components in a quasi-2D hole system was found to suppress exchange effects, 17 similar to the present case of a quasi-1D conduction-electron system. While we have focused on a specific configuration of confinement and spin-orbit coupling, our general results and overall conclusions can be expected to apply also to other spin-orbit-coupled nanowire systems, e.g., the one considered in Ref. 40 . given by,
which fulfill the relation F (̺) yielding the eigenstates. Disregarding the ill-behaved and unphysical part in the expansion at the origin, the coefficients of the polynomials are determined by the recursion relation n(n ± 2m)a n + mαa n−1 + ε (n ′ ) ν,± a n−2 = 0 ,
with a 1 = −αm/(1 ± 2m)a 0 , where the upper (lower) sign applies to m > 0 (m < 0). The coefficient a 0 is determined by the normalisation condition The band-edge energies, ε (n′) ν,± are found by imposing hard wall boundary conditions on the radial wave function, i.e. for r = R, we require 
For not too large values ofα, the lowest spin-↑ (↓) subband-edge state has ν = 1/2 (−1/2) total angular momentum. However, as seen from Fig. 4 , a level crossing occurs forα ≈ 4.2, beyond which the new lowest spin-↑ (↓) subband edge is a state with ν = 3/2 (−3/2).
